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Abstract--The paper examines the effect of internal radiation on the process of growing a single crystal. 
A two-dimensional model of the vertical growth configuration is used to simulate the vertical Bridgman 
method. The differential approximation is used to model radiative transfer on the spectral basis and account 
for interactions within the crystal and the melt. Boundary conditions for semitransparent crystals ~ hich 
cover the range from opaque to transparent are developed. The governing model equations are solved 
numerically using a finite-difference method. The solutions show the notable reduction of the temperature 
difference near the crystal-melt interface and of the intensity of natural convection in the melt with the 
decrease in the opacity of the crystal. Radiation from the sidewall is found to be a factor in influencing 
the natural con~ection flow structure in the melt. The calculations sho~ that there is relati~cl~ little 
difference betuecn the spectral-band predictions and the gray model results based on the geometric me,tn 
absorption coefficient. The results obtained indicate the necessity to consider internal radiative transfer for 

improving the accuracy of models to simulate single cr) stal growth. 

INTRODUCTION 

~IODERN communicat ion and computer  electronics is 
based on the manufacture of  semiconductor devices 
on microscale. The reliable performance of  these 
devices with dimensions less than 1 ~m is strongly 
dependent on the quality of  the single semiconductor 
crystals. One of  today's most important problems in 
growing large semiconductor crystals, e.g. Si, GaAs.  
InP, is the homogeneity of  the electrical resistivity on 
the microscale. 

It is well established that convection in the melt or 
solution can affect the quality of the crystal [1] and 
that there does not exist a single cause but a mul- 
tiplicity of  possible reasons which can lead to unstable 
growth conditions and inhomogeneity in crystals. 
Convective flow and heat transfer during the growth 
of crystals from the melt has received considerable 
research attention, but the understanding of  the pro- 
cesses and modeling capability is lagging behind the 
practical achievements in crystal growth technology. 

There are many different types of  crystal growth 
techniques [1]. Among those most commonly used are 
the vertical crystal growth configurations such as the 
Czochralski, vertical Bridgman and vertical zone 
melting methods. Many models have been developed 
and reported in the literature to simulate crystal 
growth processes mathematically [2,3]. Radiation 
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heat transfer at high temperature growth conditions 
may be important in both the crystal and the melt:  
however, radiation is typically ignored or when it is 
considered [4] it is treated as a surface and not a 
bulk (volumetric) phenomenon. Radiation has been 
recognized for some time as an important transport 
process during crystal growth [5, 6]. The temperature 
distribution in the melt near the crystal-melt  interface 
is determined bv the interaction of  convection and 
radiation and in the solid by the interaction of  con- 
duction and radiation. Yuferev and Vasil'ex [7] have 
discussed the effect of  radiation in semitransparent 
crystals grown from melt and have shown that the 
presence of  a supercooled region close to the melt 
meniscus can lead to the instability of  the crystalliz- 
ation front and the formation of  a cellular interface 
boundary. 

The common semiconductor crystals are not 
opaque to radiation. The spectral absorption coef- 
ficient of  silicon and gallium-arsenide crystals, for ex- 
ample, depend strongly on the free-carrier con- 
centration [8, 9]. The results show that pure silicon 
has a strong absorption band in the spectral range 
between 1 and 16/~m, but is relatively weakl.~ absorb- 
ing in the wings of  the band. The absorption 
coefficients of  Si, GaAs and other semiconductors 
increases dramatically with the dopant  concentration, 
but the crystal still remains semitransparent and not 
opaque [8,9]. When both the crystal and the melt 
are semitransparent, thermal radiation is expected to 
interact with conduction and/or  convection and affect 
the temperature distribution near the crystallization 
front and influence the quality of  the crystal. 
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N O M E N C L A T U R E  

c specific heat of the melt [J kg- t K-  '] 
Ebz spectral black body emitted flux by 

Planck's law [W m-  2 # m -  z] 

g gravitational acceleration [m'- s- '] 
H height of the domain (see Fig. 1) [m] 
herr effective heat transfer coefficient for 

cooling [W m-  2 K-  I] 
J~ spectral irradiance [W m-  2 ~lm- '] 
k thermal conductivity [W m-  L K -  '] 
L width of the domain (see Fig. 1) Ira] 
N conduction-radiation interaction 

3 parameter, ~c,,k/n-a To 
P pressure IN m-  2] 
qrJ /-component of the radiative heat flux 

[w m-"] 
Ra Rayleigh number, gflA TL 3/~tv 
T temperature [K] 
T~¢r reference temperature for natural 

convection, (T.  + Tf)/2 [K] 
To reference temperature, T t- [K] 
u x-component of velocity [m s- ~] 
v y-component of velocity [m s- t] 
x horizontal coordinate [m] 
y vertical coordinate [m]. 
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KR 
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Po 
P ~  
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geometric mean absorption coefficient, 
x/(tcp~cR) [m-'1 
Planck mean absorption coefficient 
[m- '] 
Rosseland mean absorption coefficient 
[m-'] 
spectral absorption coefficient [m- t] 
mean wavelength at band center [tLm] 
width of band j [/~m] 
dynamic viscosity of the melt 
[kg m-  ' s- '1 
kinematic viscosity of the melt [m-" s- '] 
reflectivity of the crucible wall 
reflectivity of the crystal boundary 
density of the melt [kg m-  3] 
reftectivity of the surrounding (heat 
source) wall 
Stefan-Boltzmann constant 
transmissivity of the crucible wall 
transmissivity of the crystal boundary 
opacity of the crystal, xmH 
parameter, ~w/2(2-e~,) 
parameter, e~J2(2-  ewe). 

Greek symbols 
thermal diffusivity [ m  2 s -  t] 

fl thermal expansion coefficient [K- '] 
ew emissivity of the crucible wall 
ews emissivity of the crystal boundary 
e~ emissivity of the surrounding (heat 

source) wall 

Subscripts 
C cold 
f fusion 
H hot 
s crystal. 

The purpose of this paper is to study the effect of 
internal radiative transfer in the crystal and melt on 
the temperature distributions in the crystal and the 
melt and on the flow structure in the melt for a vertical 
crystal growth configuration. The intent here is not 
to simulate realistically the system but to assess the 
relative importance of internal radiative transfer in 
comparison to other modes of energy transport. A 
two-dimensional model is considered to simulate the 
most important heat transfer processes in a vertical 
Bridgman crystal growth facility. The differential 
approximation is used to model radiative transfer in 
the crystal and the melt. Radiation heat transfer 
across the crystal-melt interface is also accounted for. 
The spectral absorption coefficient and thermal con- 
ductivity of semiconductors at high temperatures are 
not known with sufficient accuracy to warrant use 
of rigorous formulation of radiative transfer in an 
axisymmetric geometry as is typical of the vertical 
Bridgman growth configuration. Silicon is taken as a 
semiconductor, and the model parameters for this 
study are assumed to be representative of its growth. 

Calculations have been performed for a range of 
optical dimensions to examine the importance of radi- 
ation vs conduction in the crystal and the importance 
of radiation vs convection in the melt on the flow 
and temperature structures. 

ANALYSIS 

Physical model and assumptions 
The physical model and coordinate system of the 

problem are illustrated schematically in Fig. 1. In this 
study two physical situations are considered. The melt 
is heated from the bottom by imposing a constant and 
uniform temperature T.  at the bottom of the crucible. 
The crystal-melt interface is assumed to be at the 
equilibrium melting temperature Tr. The crystal is 
cooled at the top by combined convection and radi- 
ation. To facilitate the analysis this cooling is char- 
acterized by an effective heat tansfer coefficient /Tar 
and temperature Tc. In Fig. l(a), the crucible walls 
are assumed to be adiabatic, while in Fig. l(b) the 
vertical walls are assumed to be semitransparent 
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FuJ. I. Schematic of the physical model and coordinate 
system : (a) opaque sidewalls : (b) semitransparent sidewalls. 

(quartz) and are heated by radiation from a heater 
(source at an effective temperature T:~ 2)- In Fig. 1 (b), 
the lower portion of  the semitransparent crystal is 
heated by radiation from an external source char- 
acterized by temperature T,. T- Even though the actual 
temperature of  the external source may vary along the 
height, the stepwise change of  an effective temperature 
is assumed for the purpose of simplicity. 

The melt is considered to be an incompressible, 
Newtonian fluid for which the Boussinesq approxi- 
mation is valid. Viscous heat dissipation in the melt 
is neglected. The crystal growth front velocity is negli- 
gibly small compared to a characteristic convection 
velocity so that the flow and heat transfer can be 

considered steady. Hence. the crystallization front is 
fixed. The flow in the melt is laminar. Spectral radi- 
ative transfer in the semitransparent crystal and melt 
is approximated using a differential (P, or Milne- 
Eddington) approximation [10, 11]. Rigorous for- 
mulation of  spectral radiative transfer is feasible [12]. 
but does not appear to be warranted at the present 
time, because the spectral absorption coefficients and 
indices of  refraction of  the crystal and the melt are not 
known at temperatures and dopant concentrations 
corresponding to typical growth conditions. The ther- 
mophysica[ and radiative properties are assumed to 
be known and independent of  temperature. 

Taking advantage of  the assumptions, the govern- 
ing equations for the transport of  mass. momentum. 
energy and spectral radiation in the melt and crystal 
can be expressed as : 

for melt 

("lt (~l" 
= + ~ - = 0  (1) 
C.V CI '  

+ c  = y . + ) (2) 

p u ~ - - + t  v / =  - " + Y 
,.'x ~. c~, ~)~ + 2~.~ , 

+y.qfl(T-T..,) (3) 

pc u ~ + v  = k  + 

f: + ~,, (J~. - E~, ) d,;. (4) 

~ + ~-@ = ~K~ (J,-Kh~.) " (5) 
C X -  C I'- 

for crystal 

["):Ts ~ : T ~ / +  t "  K,s(J~--Eb,;)d,;. = 0 (6) £k~-~ z-~+ @2/ j0 

~2J;~ s c 2 J ,  s 
; -~ + ~ -  = 3,v)~(J;~-E~;}. (7) 
C X -  c v -  

The radiative heat fluxes in the x- and y-directions are 
related to the irradiance J; by 

f f  1 ~J~ f " 1 (J,. qn., = - 3~7;-~'v d,:. and q~., = - , 3~,, ( v  d,:,. 

(s) 

The boundary conditions for the physical model 
shown in Fig. 1 (a) are taken to be as follows : 

momentum 

u = v = 0  at the walls and interface in the melt;  

(9) 
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energy 

T = T H  at the bottom 0 ' = 0 )  (10) 

at the crystal-melt interface (11) 

OT h~ . (Tc-  Tw) + c~(Jw~ - Euw~) d2 

a t  the cooled wall ( 1 2 )  

('T fo ~ - k - z -  = ~b(J,~ - Eb,~) d,;, 
C X  

at the adiabatic wall; (13) 

radiative transfer 

&r-~i = 3xzd?(J~-Ebw~) at the opaque wall. (14) 

The boundary conditions for temperature and 
irradiance at the semitransparent crystal boundary 
(Fig. 1 (b)) have also been derived. The interreflections 
between the crystal boundary and the surrounding 
heater (assumed to be planar, gray and opaque at a 
prescribed temperature) have been accounted for. The 
details are not interesting, the equations are rather 
complex, and are therefore not included in the paper. 
The procedure described in graduate level radiation 
heat transfer textbooks [13] was followed to account 
for the interreflections between the crystal boundary 
and the opaque crucible walls. The boundary con- 
ditions for radiative transfer corresponding to the 
model described in Fig. l(b) are available elsewhere 
[14]. For the limiting cases of  an opaque crucible 
wall (p+ew = 1) and a transparent crucible wall 
( p + r ,  = 1) with black surroundings, the equations 
obtained in this study reduce to those developed by 
Amlin and Korpela [11]. 

Method of solution 
The model equations together with the boundary 

conditions were solved numerically using a finite- 
difference method. The control volume scheme of 
Patankar [15] was used to reduce the system of 
governing partial differential equations to a set of 
nominally linear algebraic equations. The SIMPLER 
algorithm was employed to treat the coupling between 
the pressure and momentum. Nodes were clustered 
near the walls, crystal-melt interface and boundaries 
to accurately calculate the large velocity, temperature 
and irradiance gradients. A power law clustering 
scheme was used for this purpose. Grid indepen- 
dence studies were conducted, and a final grid of 43 x 
24 was chosen. The numerical results reported in the 
paper were obtained using this grid. 

In the analysis, the spectral absorption coefficient 
data for doped silicon were taken from the literature 
[8]. The specific data used as an example are for p- 
type silicon of electrical resistivity of 0.5 f~ cm at 300 
K. Data at higher temperature would be desirable for 

use in the analysis. Unfortunately, a literature source 
for such data could not be identified. For this reason 
the spectral absorption coefficients for the crystal and 
the melt are assumed to be identical. 

The spectral integrations indicated in equations (4), 
(6), (8) and (11)-(13) were performed using a band 
approximation. The entire spectrum was divided into 
N arbitrary width bands to model the spectral absorp- 
tion coefficient, and the integrals over the spectrum 
were approximated as 

~0 zc N ~:~J~d;'. ~ ~ ~:~,J~ A).j. (15) 
j = l  

It is highly desirable to compare the predictions of 
radiative transfer based on spectral-band calculations 
with those based on a gray analysis to determine the 
validity of the simplified approach. To examine the 
usefulness of such analysis we introduce mean absorp- 
tion coefficients. The Planck, Rosseland and geo- 
metric mean absorption coefficients are defined as [12] 

;: Kp = ~;Eb~(T) d). Eb;(T) d). (16) 
" / dO 

£ ~ 1 d & ~  , / ( ' ~ d E b ~  
1/x.= (17  

and 

~:m = (KpS:R) 1'2 (18)  

respectively. 
The Planck and Rosseland mean absorption 

coefficients were calculated using the melting tem- 
perature (1685 K) of silicon as the reference tem- 
perature. The values found for the mean absorption 
coefficients using the specific data and used in the 
computations for comparison were as follows : 

x p =  141m - t ,  XR=61.6m - I  

and xm = 93.2m-t .  

RESULTS A N D  DISCUSSION 

There are many parameters affecting the transport 
processes modeled. Since the primaD' focus of the 
work is on radiative transfer and its interaction with 
other modes of heat transfer during crystal growth, 
representative values of parameters have been chosen 
to simulate the system. The thermophysical properties 
and other dimensionless parameters used in the sam- 
ple calculations are summarized in Table 1. The Ray- 
leigh number was kept fixed at a typical value ofRa = 
1 x 10 ~ for most cases, unless indicated otherwise. 

In crystal growth facilities the aspect ratio H/L 
changes with time, but the change is relatively slow. 
The range of the ratio which is encountered in practice 
is between 0.5 and 5, and H/L = 1 is considered a 
typical value [16]. By considering the crystal and melt 
regions, a fixed value of two for the height ratio of the 
crystal to melt region was considered to be reasonable 
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Table I. Thermophysical properties and dimensionless 
model parameters used for the spectral-band calculations. 
To obtain the gray model results in Fig. 1 (b) the values given 

in parentheses were used 

Gr = 4.35 × 10 ~ q~ = 4), = 0.088 
Pr = 0.023 h,,r I = 350 W m--" K - 
n = 3 . 4  ho,,z= 175Wm ZK ' 
k = 5 2 W m - ~ K  ' Tr = 1685 K 
k,= 22Wm I K l  Tit ~ 1695 K 
f i = 2 x l 0  - " K z  T c ~  1520K(1200K) 
p<~=2550kgm ~ L=0.0301 m 
:~ = 1.53 × 10- '  m" s- ~ H = 0.0301 m 
v = 3 . 5 x [ 0  7m-'s i ( T ~ I = 1 6 9 5 K )  
Try, = [690 K (T~, = 1685 K) 

and was used in the calculations.  This is not  a limi- 
tat ion of  the model,  but  the sensitivity of  the results 
to this ratio and other  impor t an t  model parameters  
such as the thermal  conductivi t ies of  crystal and melt, 
absorp t ion  coefficients of  crystal and  melt, radiat ion 
surface propert ies and  others  could riot be inves- 
tigated in detail. For  example, the thermal  con- 
ductivilies used in the sarnplc calculat ions (see Table 
1) were taken from the published li terature sources. 
However. it is not clear if these are true thermal  con- 
ductivities or are actually effective thermal  con- 
ductivities, because they were not corrected for the 
cont r ibut ion  of  radiat ion when making the measure- 
ments, part icularly at elevated temperatures  [12]. 

Absence of  hlternal radiative transfer 
In order to establish a base, internal  radiat ive trans- 

fer was neglected, and the flow structure in the melt 
and the temperature  dis t r ibut ion in bo th  the melt  and 
the crystal were predicted. The results are shown in 

Fig. 2. The calculat ions were init iated from s tagnant  

melt and uniform temperature  condit ions.  The results 
show that  the flow is symmetrical  abou t  the vertical 
plane through the center of the melt forming t~vo coun- 
ter rota t ing cells (Fig. 2). Even though  not evident 
from Fig. 2(b), small recirculation cells in the four 
corners of this melt region are present.  This is typical 
of  low Prandt l  number  fluids [17]. The isotherms are 
spaced ra ther  uniformly in the crystal, particularly 
near the cr,,sta[lization front,  which indicates nearly 
cons tant  temperature  gradients.  The nonuni formly  
spaced isotherms in the melt reveal the impor tance  of  
convect ion in the t ranspor t  of  heat. As expected, the 
temperature  gradients  in the melt near the center of 
the crystal are greater than near the edges. 

Internal radiatire trans[er : spectral-band analysis 
The streamlines in the melt and  the isotherms in 

both  the crystal and the melt when the spectral effects 
of  internal radiat ion transfer  have been considered 
using the model in Fig. l(a) are presented in Fig. 3 
and the heat fluxes ii1 }rigs. 4 and 5. The corrc,~ponding 
results of gray calculations (Figs. 6 and 7t will be 
discussed later. The results of  this simulation should 
be compared  with those given in Fig. 6 for :,, = 2.8. 
The spectra l -band calculat ions show that thermal  
convect ion in the melt is somewhat  more intense 
(t/,'m,, = 0,145 kg s -~) than those based on the gray 
absorp t ion  coefficient model (¢ .... = 0.134 kg s '). 
The two-cell circulation pattern is practicall~ the same. 

Compar i son  of  tempera ture  dis t r ibut ions calcula- 
ted using the spectral -band (Fig. 3(b)) and the gray 
(Fig. 6(b)) models for the absorp t ion  coefficient 
shows that  the temperature  gradients  in the ~ertical 

-i 

(a) (b) 
FI~.~. 2. Streamlines (a) in the melt and isotherms (b) in the 
melt and crystal in the absence of internal radiative transfer. 

The isotherm spacing is 2 K. 
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I lttt/tttt\\ J) , 

(a) (b) 
FIG. 3. Streamlines (a) in the melt and isotherms Ib) in the 
melt and crystal in the presence of internal radiati~ e transfer, 

spectral-band model for absorption coeffident. 
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FIG. 4. Comparison of the local conductive and radiative 
heat fluxes at the crystal-melt interface for the gray and 

spectral-band absorption coefficient models. 
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FIG. 5. Comparison of the total (conductive plus radiative) 
heat fluxes at the crystal-melt interface for the gray and 

spectral-band absorption coefficient models. 

and horizontal directions in the melt are larger for 
the former than the latter model. However, the results 
reveal that the temperature gradients in the crystal 
are smaller for the spectral-band than for the gray 
analysis. 

A comparison of the conductive and radiative heat 
fluxes at the crystal-melt interface for the spectral- 
band and gray absorption coefficient models is given 
in Fig, 4. The results show that the maximum con- 
ductive flux is about  three times smaller than the 
maximum radiative flux. This clearly shows the 
importance of internal radiative vs diffusive transfer. 
It should be mentioned that the thermal conductivities 
for silicon reported in the literature were used in the 
calculations. If, in reality, these values are effective 
thermal conductivities which have not been corrected 
for internal radiative transfer, then the relative 
importance of radiation in comparison to conduction 
has been underpredicted. The local conductive flux is 
seen to be much more nonuniform than the local 
radiative flux. The conductive fluxes are nearly equal, 
except at the edges of  the crystal where they differ 
significantly, but the radiative flux is about 25% 
greater for the spectral-band absorption coefficient 
model. Figure 5 shows that the total (conductive plus 
radiative) flux at the interface is relatively uniform 
and that the predicted flux is at least 15% higher for 
the spectral-band than the gray absorption coefficient 
models. 

The difference between the spectral-band and gray 
model results based on the geometric mean absorption 
coefficient for the conductive and total heat fluxes 
are about  10 and 15%, respectively. The agreement 

f 

S 
f 

(a) (b) 
FIG. 6. Streamlines (a) in the melt and isotherms (b) in the 
melt and crystal in the presence of internal radiative transfer 
for opaque, adiabatic walls (Fig. l(a)); gray absorption 
coefficient model, 1:0 = 2.8. The isotherms are spaced 2 K 

apart. 

( a )  (b )  

FIG. 7. Isotherms in the melt and crystal in the presence of 
internal radiative transfer, gray absorption coefficient model 
for opaque, adiabatic wails (Fig. l(a)): (a) z0 = 1.0; (b) 

z0 = I0. The isotherms are spaced 2 K apart, 
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between the streamlines and isotherms for the two 
absorption coefficient models is resonable enough to 
encourage use of  the gray model to examine the effect 
of  internal radiative transfer on the flow and heat 
transfer in crystal growth systems. 

hiternal radiative trans]er : gray model 

E ~ ' c t  o f  opaciO'. The effect of  internal radiative 
transfer on the flow structure in the melt and on the 
temperature distributions in the melt and crystal were 
predicted on the gray basis, and the results for ~0 = 1, 
2.8 and 10 are shown in Figs. 6 and 7. The flow is still 
symmetrical about the vertical plane through the 
center of  the melt forming two cells (Fig. 6(a)) ; how- 
ever, the intensity of  thermal convection in the melt is 
redticed as evidenced by the maximum and minimum 
values of  the stream functions. For  example, even with 

, ,= 10,~ ..... = 0 . 1 7 8 a n d 0 . 1 6 5 k g s  ~ in the absence 
and in the presence of  internal radiative transfer in 
the melt, respectively. Radiative transfer in the melt 
reduces the horizontal temperature gradients within 
the region and decreases the intensity of  natural con- 
xection. The results show that as the optical thickness 
(opacity) ol" the melt decreases, the maximum stream 
function (normalized by the value of  the maximum 
stream function for the radiationless case) decreases 
and reaches a minimum at about % = I. This finding is 
understandable considering the fact that the radiative 
heat flux reaches its maximum value near v0 = 1 [18]. 

Internal radiative transfer in the melt reduces both 
the vertical and horizontal temperature gradients. 
This is clearly evident from the comparison of  the 
isotherms shown in Fig. 2(b) with those in Figs. 3(b), 
6(b) and 7. The presence of radiation in the crystal 
reduces significantly the vertical temperature gradient 
in the crystal (Figs. 3(b), 6(b) and 7) compared to 
that in the absence of internal radiative transfer (Fig. 
2(b)). This is true even for the case when the opacity 
e l ' the  crystal is quite large (~o = ~¢,,,H = 10 as in Fig. 
7(b)). The results of  Fig. 7 show that the reduction 
of the vertical temperature gradients in the crystal is 
even greater for smaller values of  the opacity ~0 (Fig. 
7(a)). 

The variation of  the conductive heat flux along the 
crystal melt interface is shown in Fig. 8. The heat flux 

8 
~o- 

8 

transparent or opaque 
1.0 

"~o = 0.1 

10.0 ,~ 

0.5 
1.0 

I I I I I I I I ] I 
O.~).on 0.5 1.0 

x/k 
FIG. 8. Effect of internal radiative transfer on the variation 
of the local conductive heat flux at the crystal-melt interface 

for opaque, adiabatic wails (Fig. l (a)). 

has been normalized with the flux obtained for the 
radiationless (pure conduction) t~o-ce[l case. A large 
reduction in the conductive flux compared to the 
radiationless case is evident from the figure when 
~0 = 1.0. This suggests that under the crystal growth 
conditions considered in the model, the interaction 
between convection and radiation is significant, par- 
ticularly for the intermediate values of  the opacity. 
The results also suggest that radiation accounts for a 
large fraction of  the heat transfer to the interlhce. 

The restllts show that the semitransparenc) of the 
melt and crystal to thermal radiation greatly modifies 
the temperature distribution and magnitude of  the net 
thermal fluxes in a growing crystal, particularly at 
temperature conditions studied in the paper. The 
results also reveal that the interface temperature gradi- 
ents in the liquid are always less steep relative to 
the case when the melt and crystal are opaque or 
transparent for the same imposed thermal conditions. 
Employing the 'constitutional supercooling" concepts 
of Mullins and Sekerka [19], leads one to conclude 
that the solid liquid interface of semitransparenl 
materials will tend to be loss resistant to cellular brecik- 
down than purel? conducting (transparent or opaque) 
materials. These conclusions should apply onl? at 
conditions when radiative transfer is important com- 
pared to conduction or convection. 

Effect ofe.vternal  radiation. Figures 9 12 show the 
streamlines in the melt and the isotherms in both the 
melt and the crystal for the case when the sides of  
crystal and crucible are semitransparent and are 
irradiated from the surroundings as modeled in Fig. 
l(b). The additional radiation parameters used are 
summarized in Table 2. When the opacity is large 
(% = 10), radiant energy incident on the sides of  the 
crucible is absorbed near the edges and increases the 
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(a) (b) 

FIG. 9. Streamlines in the melt (a) and isotherms in the 
melt and crystal (b) for Ra = l x 10' and Pr - 0.023 with 
externally irradiated vertical boundaries (model shown in 

Fig. l(b)) and % = 10 (N = 0.551). 
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(a) (b) 
FIG, 10. Streamlines in the melt (a) and isotherms in the 
melt and crystal (b) for Ra = 1 x 10 s and Pr = 0,023 with 
externally irradiated vertical boundaries (model shown in 

Fig. l(b)) and z0 = 1 (N = 5.51). 

(a) (b) 
FtG. 12. Streamlines in the melt (a) and isotherms in the 
melt and crystal (b) for Ra = 1 x 10 ~ and Pr = 0.023 with 
externally irradiated vertical boundaries (model shown in 

Fig. l(b)) and ro = 0.175 (N = 0.0964). 

tempera tures  in this region. As a consequence,  a two- 
cell flow pat tern  is established, with the fluid rising 
a long the walls of  the crucible and descending in the 
center of  the melt region (Fig. 9(a)).  

For  the self-absorbing case (r0 = 1) the effect of  
external  radia t ion  at the boundar ies  of  the crucible 
are still s t rong (Fig. 10). The  flow still consists of  two 
cells and  is symmetrical  abou t  a p lane th rough  the 

J 

(a) (b) 
FIG. 11. Streamlines in the melt (a) and isotherms in the 
melt and crystal (b) for Ra = I x 10" and Pr = 0.023 with 
externally irradiated vertical boundaries (model shown in 

Fig. l(b)) and to = 0.1 (N = 0.551). 

center  of  the melt region, but  the dimensionless  s tream 
funct ion decreases f rom 0.101 for zo = 10 to 0.094 for 
t0 = 1. Compar i son  of  Figs. 10 and  9 reveals tha t  the 
t empera ture  gradients  have decreased dramatical ly 
for the smaller opacity case part icularly in the crystal. 
This  is due to the fact tha t  rad ia t ion  accounts  for a 
much  larger fract ion of  the total  heat  t ransfer  along 
the crystal. Physically, this means  that  the radia t ion 
predomina tes  over  conduct ion.  The  findings are con- 
sistent with the results reported by Tarshis  et al. [20]. 

There  is a remarkable  change in the flow structure  
in the melt  (Fig. I1) for the opticaIly thin case 
(to = 0.1). The flow still consists of  two cells and  
is symmetrical  abou t  the center  p lane ;  however,  the 
direct ion of  the circulat ion has been reversed com- 
pared to tha t  predicted for larger opacities, but  under  
otherwise identical thermal  condi t ions  (compare Figs. 
9 - I  I). This  is explained by the fact tha t  more  radiant  
energy is absorbed  in the central  region of  the melt  
result ing in higher  tempera tures  in the center than  
near  the wails of  the crucible and  the crystal bound-  
aries, p roducing  a higher  tempera ture  in the core 
which drives the thermal  convect ive flow. The tern- 

Table 2. Radiation properties for the 
model shown in Fig. 2(b) for the simu- 
lations used with the gray model. For the 
baseline case the values in parentheses were 

used 

ew = 0.5 p~ = 0.05 (1,0) 
T~ = 0.2 (0) ~:~ = 0.95 (0) 
• w~ = 0 . 4  (0) ~,~ = 0.3 
4' = 0.17 p = 0.3 (0.5) 
4', = 0.088 p, = 0.3 (0.7) 
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(a) (b) 

1:[(;. I3. Streamlines in the melt (a) and isotherms in the tacit 
and crystal (b) for % = 1.0 with externally irradiated ~ertical 
boundaries (model shown in Fig. l(b)): Ra= l x l 0  a, 

Pr = 0.023, N = 1.186. 

I , / ,; , 

(a) (b) 
FIG. 14. Streamlines in the melt (a) and isotherm> in the inch 
and crystal (b} for z,~ = 1.0 with externally irradiated xertical 
boundaries (model shown in Fig. I(h)): R~= I , ,10 ~, 

Pr = 0.023, N = 0.256. 

perature gradients  along the crystal decrease fur ther  
because of  increased relative impor tance  of  radia t ion 
relative to conduct ion.  It is recognized that  the differ- 
ential approx imat ion  for radiat ive t ransfer  becomes 
increasingly more inaccurate  as the opacity of  the 
medium decreases. But even for an opacity o f %  = 0.1, 
the approx imat ion  yields acceptable results (less than 
15% error  in the radiat ive flux in compar i son  to the 
exact solution) [21]: therefore,  use of  the approxi-  
mat ion appears  to be a reasonable  compromise  
between accuracy and computa t iona l  effort. This is 
particularly true in view of  the acknowledged uncer- 
tainty in the physical and  radiative propert ies  of  sill,- 
con crystal and melt at high temperatures.  

It was found that  for the par t icular  thermal  con- 
ditions imposed and model parameters  chosen,  there 
occurred a t ransi t ion in the flow structure  in the melt 
at an opacity of  abou t  0.2. The streamlines and  iso- 
therms for c0 = 0.175 are plot ted in Fig. 12. It was 
found that  there was no preference for a two-cell 
symmetrical  downward  or upward flow, and  a single 
counterclockwise ro ta t ing  cell was predicted. As 
expected, the tempera ture  dis t r ibut ions  in the melt for 
v,> = 0.1 and 0.175 (compare  Figs. 11 and 12) differed 
greatly, but the tempera ture  dis t r ibut ions  in the 
crystal near the interface was nearly identical. 

Eff~,ct o f  Rayleigh number. The effect of  the Rayleigh 
number  on the flow and  tempera ture  dis t r ibut ions are 
shown in Figs. 13 and  14. In this calculation,  the 
optical thickness (co = 1.0) and all prescribed tem- 
peratures are kept the same as those for Fig. 10. Thus. 
only the size of  the melt and  crystal is changed.  This 
alters the conduc t ion - r ad ia t ion  pa ramete r  N along 
with the Rayleigh number .  

Figure 13 illustrates the streamlines and isotherms 
for Ra = 1 x 104 . In this case, the intensity of  natural  
convect ion (maximum stream function) has decreased 
and is 6.7 times lower than that  for Ra = 1 x l0 t (Fig. 
10). Thus,  conduct ion  and  radiat ion predominate  
over convective heat transfer. For  Ra = I x 10" 
(shown in Fig. 14), na tura l  convect ion is 3.3 times 
more intense than that  for Ra = 1 x 105 (Fig. 10), and 
convect ion and  radia t ion are of  equal importance in 
the melt. 

Figure 15 shows the conduct ive heat flux at the 
crys ta l -mel t  interface. The heat flux is normalized 
with respect to pure conduct ive flux (absence of  radi- 
at ion and natural  convection).  The results reveal a 
large var ia t ion  of  the flux along the interface. ~ i th  the 
max imum occurring near the walls and the min imum 
at the center.  This is the result of  natural  convect ion 
in the melt, which intensifies with increasing Rayleigh 
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FIG. [5. Conductive heat flux at the crystal melt interface: 
to = 1.0 with externally irradiated vertical boundaries 
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FtG. 16. Radiative heat flux at the crystal-melt interface: 
t0 = 1.0 with externally irradiated vertical boundaries. 

number. Thus, the local conductive heat flux at the 
crystal-melt interface is highly nonuniform, especially 
for higher Rayleigh numbers. 

Figure 16 shows the radiative heat flux at the crys- 
tal-melt interface. The heat flux is also normalized 
using the pure conductive flux as in Fig. 15. A com- 
parison of the radiative fluxes with the conductive 
heat fluxes (Fig. 15) reveals that the radiative heat flux 
is several times larger than the conductive flux, and 
its distribution along the interface is rather uniform. 
As a consequence, the total heat flux along the inter- 
face is also uniform in the presence of radiation. We 
should emphasize again that if the thermal con- 
ductivities of silicon at high temperature reported in 
the literature and used in the calculations have not 
been corrected for the internal radiative transfer 
effects, the relative importance of radiation vs con- 
duction would be even greater than shown in Fig. 16. 
This further stresses the need for accurate thermo- 
physical and radiative properties data of semicon- 
ductors at high temperatures. 

C O N C L U D I N G  R E M A R K S  

The effect of internal thermal radiation on the pro- 
cess of growing a single crystal has been investigated nu- 
merically. A two-dimensional model of a growth con- 
figuration is used to simulate the vertical Bridgman 
method. The differential approximation is used to 
model radiative transfer, and the interaction of 
convection with radiation in the melt as well as inter- 
action of conduction and radiation in the crystal. 
Appropriate boundary conditions which allow for the 
transmission of external radiation across the bound- 
aries have been derived. The governing model equa- 
tions are solved numerically using both spectral-band 
and gray models for the absorption coefficient. Based 
on the numerical results obtained for silicon, the fol- 
lowing conclusions are drawn. 

It was found that there is relatively little difference 
between the spectral-band and gray results based on 
the geometric mean absorption coefficient. The gray 

analysis underpredicted the maximum, conductive 
heat flux at the crystal-melt interface by le~ than 
10% and the total heat flux by about 12-16%. The 
agreement between the streamlines and isotherms for 
the two absorption coefficient models is reasonable 
enough to encourage the use of the gray model when 
simulating flow and heat transfer in crystal growth 
systems. 

The effect of internal thermal radiation on the flow 
structure and temperature distributions in the melt 
and in the crystal are most pronounced for inter- 
mediate values of opacity (30 ~ 1). For 3o = 1 and 
Ra = 1 × 105, the intensity of natural convection in 
the melt is reduced by about 20% compared to that 
for a transparent or opaque melt and crystal. The 
presence of internal radiative transfer is found to 
reduce the nonuniformity of temperature in both the 
melt and the crystal as well as of the total heat flux 
along the crystal-melt interface. The temperature 
gradients in the crystal decrease dramatically as the 
opacity of the crystal is decreased. 

For small Rayleigh numbers conduction and radi- 
ation are of the same importance in establishing the 
temperature distribution. On the other hand, natural 
convection and radiation are the principal energy 
transport processes in the melt at high Rayleigh num- 
bers. The presence of internal radiation is found to 
reduce the nonuniformity of the total heat flux along 
the crystal-melt interface. 

The results obtained suggest that internal radiative 
transfer is a first-order effect and must be considered 
in both the melt and the crystal when mathematically 
modeling single crystal growth. For this purpose spec- 
tral absorption coefficient data as a function of tem- 
perature and impurity or dopant concentration is 
required not only for the crystal but also for the melt. 
A more rigorous formulation of radiative transfer 
than used in this paper will also be needed. Admit- 
tedly, such a formulation of radiative transfer for 
the Czochralski single crystal growth method will be 
exceedingly complex, but some reasonable approxi- 
mations may be possible. 
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EFFETS DU T R A N F E R T  R A D I A T I F  INTERNE SUR LA CONVECTION N A T U R E L L E  
ET LE T R A N S F E R T  T H E R M I Q U E  DANS LA C O N F I G U R A T I O N  DE CROISSANCE 

VERTICALE D ' U N  CRISTAL 

R 6 s u m ~ O n  examine l'effet du rayonnement  interne sur le processus de croissance d 'un  cristal unique. Un 
mod61e bidimensionnel de croissance verticale est utilis6 pour simuler la m6thode verticale de Bridgman. 
L'approximation diff6rentielle est utilis& pour mod6liser le transfert radiatif sur une base spectrale et 
prendre en compte les interactions entre le cristal et le bain. Des conditions aux limites pour tes cristaux 
semi-transparents sont d6velopp6es pour couvrir le domaine entre opaque et transparent.  Les 6quation> 
sont r6solues numEriquement par une m6thode aux diff6rences finies. Les solutions montrent  une r6duction 
notable de la diff6rence de temp6rature pr6s de l'interface cristal-bain et de l'intensit6 de la convection 
naturelle dans le bain, avec la d&roissance de I'opacit6 du cristal, Les calculs montrent  qu'il y a une petite 
diff6rence relative entre les predictions de bande spectrale et celles du mod61e gris bas~: sur un coefficient 
d 'absorption moyen g6om6trique. Les r6sultats obtenus indiquent la n6cessit6 de considSrer le rayonnement 

thermique pour am61iorer la pr&ision des mod61es qui simulent la croissance d 'un  cristal. 

EINFLUSS DER I N N E R E N  S T R A H L U N G S W , ~ R M E L T B E R T R A G U N G  A U F  DIE 
NATfdRL1CHE K O N V E K T I O N  U N D  DEN W A R M E O B E R G A N G  IN EINER 

S E N K R E C H T E N  A N O R D N U N G  FIdR DAS K R I S T A L L W A C H S T U M  

Zusammenfassung-- In  dieser Arbeit wird der Einflul3 einer inneren Strahlungswfirmefibertragung auf  den 
Vorgang des Wachstums eines Einkristalls untersucht. Ein z,aeidimensionales Modell der senkrechten 
Anordnung ffir das Kristallwachstum wird verwendet, um das senkrechte Bridgman-Verfahren zu simul- 
ieren. Die Strahlungsw/irmeiibertragung wird mit Hilfe der differentiellen Approximation auf  spektraler 
Grundlage modelliert, dabei werden Wechselwirkungen innerhalb des Kristalls und der Schmelze ber'ack- 
sichtigt. Es werden Randbedingungen ffi~' halbtransparente Kristalle entwickelt, welche den Bereich ~om 
v611ig Undurchsichtigen bis zum Transparenten abdecken. Die Grundgleichungen werden numerisch mit 
Hilfe eines Finite-Differenzen-Verfahrens gel6st. Die L6sungen zeigen eine merkliche Verringerung der 
Temperaturdifferenz nahe der Grenzfliiche zwischen Kristall und Schmelze und ebenso eine Verringerung 
der lntensitiit der natfirlichen Konvektion in der Schmelze, wenn von einem v611ig undurchsichtigen KristalI 
abgewichen wird. Es zeigt sich, dab die Strahlung v o n d e r  Seitenwand die Struktur der nat6rlichen 
Konvektion in der Schmelze beeinfluBt. Die Berechnungen ergeben einen verh'almismfil3ig kleinen Unter- 
schied zwischen Berechnungen mit Berficksichtigung unterschiedlicher Spektralbereiche einerseits und 
Berechnungen grauer K6rper aufgrund geometrisch gemittelter Absorptionskoeffizienten andererseits. AIs 
Ergebnis kann festgehalten werden, dab interne Strahlungswfirmefibertragung berficksichtigt werden mul3. 
~enn man zu einer Verbesserung der Genauigkeit  yon Modellrechnungen ffir das Wachs tum yon Ein- 

kristallen kommen m6chte. 
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BJIH.qHHE B H Y T P E H H E F O  P A ~ H A I ~ H O H H O F O  FIEPEHOCA HA ECTECTBEHHYIO 
KOHBEKI_~HIO H TEr l J IOOI ;MEH B rlPOI.~ECCE POCTA KPHCTA.rUIA BEPTHKAJIbHOITI 

KOHOHFYPAI . [HH 

A~oramm---Hccae~ye ' rcs  B.IHSHHe BHyTp~HHeFO H3~yqeHHg Ha npouec¢ poc'ra ~pHcTa.~t~a. Hcno~b- 
3yc'rcs ~ByMepHas Mo~e.~b pocTa EpxCTa.~Aa ~ S  BepTxKa.nbHOrO MeTo~a ~p~r,M:)Ha. C LtC.~b~O MoLte- 
.TIHpOBaHHg paRHaHHOHHOFO TCIUIOflCpCHoCa 14 CrO B3aHMO~CHCTBHR C KpHCTaJUIOM H pacrL~a~oM 
npHMCHgCTCg ~H~peHHHaJIbHOC HpH6JIHXCHHe, a TaX~e y~IHTbIBaCTc~I crlek~rpa~bHblfi COCTaB H3Jlyqc- 
HH$1. YCTaHOBJICHld rpaHHtlHbiC yCJlOBHg ~LrLq no~ynpo3paqHHX £pH~ra.~OB 8 ~ana30He  OT Henpo3pa~- 
HblX RO Ilpo3paqHblX. Onpc~CJl~lOUlH¢ MO~CJIbHIdC ypaBHCHH~ tlHCJICHHO pcmaloTcg MCTO~OM KOHeqHblX 
pa3HOCTe~. PCmCHHg noKa31dBalOT, qTO pa3HOCTb TCMnCpaTyp B6JIH3H rpaHHIJ~ pa3HcJla KpHcra~a  H 
pacn~aBa, a TaKxe HHTCHCHBHOCTb CCT~I'BCHHOH KOHBCKILtlH B pacnnaBc 3aMCTHO y6HI3aioT npH yMeHb- 
IIICHHH HCllpo3paqHOCTH ~pHcra~a .  Ha~eHO, qTO H3JIytlCHHC OT O~KOBOH CTCHI(H gBJIgCTCg q~agTOpOM, 
BJIH~HOIHHM Ha cTpyk'rypy TCtlCHH$1 npH L~q'eCTBCHHOH KOHBCKHHH B pacrL~a~e. Pac~er~  O6Hapy~L~H 
OTHOCHTC.rlbHO HC6OYll, mylO pa3HHHy M c ~ y  ~aHHblMH, HoJIyqCHHblMH MeTOROM cnci~rpa~IbHbiX no~loc, 
pc3y~lbTaTaMH pac~eTa Ha OCHOB¢ CCpO~ Mo~e~H C Hcno~Ib3oBaHHeM reOMCTpHqCCKOrO cpc~Hero ~O~b- 
q~HIIMCHTa nOrYlOHICHHS. [Io~iy~CHtl~e pc3y~n,TaTbl yKa31dBalOT Ha Heo6xo~HMOCrb HCCJle~o~aHH~I BHyT- 

peHHero pa~HaH~lOHHOrO TeIL~OnCpeHoCa ~ nOBblIIICHHg TO~IHOCTH MO~flC~ pOCTa KpHcTa.~a. 


